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Abstract

The object of the present paper is to study thenstof minimal r-ropen set and maximrp-open set and
their basic properties are studied.
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I ntroduction

Nakaoka and Oda have introduced minil Throughout the paper a space X means a topolc
open sets and maximal open sets, which space (X;1). The class of rppen sets is denoted
subclasses of open set#\. Vadivel and K. RPO(X). For ap subset A of X its complemer
Vairamanickam introduced minimal a-open sets interior, closure, rp-interior, rplosure are denote
and maximal rg-open sets in topological spacsS. respectively by the symbols®AA°, A~, rp(A)° and
Balasubramanian and P.A.S. Vyjayanthi introdu rp(A) .

minimal v-open sets and maximal-open sets;
minimal v-closed sets and maximalclosed sets in
topological spacednspired with these developmet
we further study a new type of open sets nar
minimal rpopen sets and maximal -open sets.

Preliminaries

Definition 1: A proper nonempty

(i) open subset U of X is said to benégnimal open set if any open set contained in Ugor U.

(i) semiopen subset U of X is said to bminimal semi-open set if any semiopen set contained in U@ or U.
(iiif) pre-open subset U of X is said to bminimal pre-open set if any preopen set coained in U is@ or U.
(iv) v-open subset U of X is said to bminimal v-open set if anyv-open set contained in U ¢sor U.

(v) rga-open subset U of X is said to bminimal rga-open set if anyrga-open set contained in U@ or U.
Definition 2: A proper nonempty

(i) open subset U of X is said to benaximal open set if any open set containing U is X or U.

(i) semiopen subset U of X is said to bmaximal semi-open set if any semiopen set containing U is X or
(iii) pre-open subset U of X is said to bmaximal pre-open set if any preopen set containing U is X or
(iv) v-open subset U of X is said to bmaximal v-open set if any v-open set containing U is X or

(v) rga-open subset U of X is said to bmaximal rga-open set if anyrga-open set containing U is X or

Minimal rp-open Sets and Maximal rp-open Sets

Definition 1: A proper nonemptyp-open subset U of X is said to beminimal rp-open set if any rp-open set
contained in U igpor U.

Remark 1: Minimal open set and minimrp-open set are not same:

Example 1: Let X = {a, b, c};1 ={@, {a, ¢}, X}. {a, c} is Minimal open but not Minimarp-open; {a} and {c} are
Minimal rp-open but not Minimal opel

Remark 2: From the abovexample and known results we have the followinglicagtions

Theorem 1: (i) Let U be a minimatp-open set and W berg-open set. Then b W =g@or ULl W.

(ii) Let U and V be minimatp-open sets. Then n V =¢@or U = V.

Proof: (i) Let U be a minimatp-open set and W berp-open set. If Un W = ¢, then there is nothing to pro

IfU n W#@ ThenUnW [ U. Since U is a minimerp-open set, we have b W = U. Therefore L[] W.
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(i) Let U and V be minimalp-open sets. If dV # ¢, then ULl V and VLI U by (i). Therefore U = V.

Theorem 2: Let U be a minimatp-open set. If XU, then ULI W for any regular open neighborhood W of x.
Proof: Let U be a minimatp-open set and x be an element of U. Suppoaeregular open neighborhood W of x
such that UJ W. Then Un W is arp-open set such that b W [ U and Un W # @. Since U is a minimaip-
open set, we have JW = U. That is ULl W, which is a contradiction for O W. Therefore U1W for any
regular open neighborhood W of x.

Theorem 3: Let U be a minimatp-open set. If XU, then UL W for somerp-open set W containing x.

Theorem 4: Let U be a minimatp-open set. Then U a{W: W ORPO(X, x)} for any element x of U.

Proof: By theorem[3.3] and U ig-open set containing x, we have Un{ W: WORPO(X, x)} L1 U.

Theorem 5: Let U be a nonemptgp-open set. Then the following three conditions ayeivalent.

(i) U is a minimalrp-open set
(i) U U rp(S)~ for any nonempty subset S of U
(iii) rp(U) " =rp(S)” for any nonempty subset S of U.

Proof: (i) = (ii) Let xOU; U be minimalrp-open set and &(¢) [1U. By theorem[3.3], for anyp-open set W
containing x, $1ULW = SUW. Now S = $ iU [1SnW. Since & @, SnW # ¢. Since W is anyp-open set
containing x, by theorem[5.03]%p(S) . That is XdU = xOrp(S)” = UL rp(S)~ for any nonempty subset S of
u.

(i) = (iii) Let S be a nonempty subset of U. That isl8 = rp(S) U rp(U) ~ - (1). Again from (ii) UL rp(S)~
for any S¢ @) LJU = rp(U) "L rp(rp(S) )" =rp(S) . That isrp(U) "L rp(S)~ - (2). From (1) and (2), we have
rp(U) "=rp(S)™ for any nonempty subset S of U.

(iii) = (i) From (3) we havep(U) "= rp(S)~ for any nonempty subset S of U. Suppose U is motrémal rp-open
set. ThenJa nonemptyp-open set V such that VI U and V# U. Now (0 an element a in U such thdid =
alve. That isrp({a}) "L rp(V%™ = V¢, as V is rp-closed set in X. It follows thatp({a}) ~ # rp(U)". This is a
contradiction forp({a}) ~ =rp(U) ~ for any {a}# @) LI U. Therefore U is a minimaj-open set.

Theorem 6: Let V # @ be a finiterp-open set. Theflat least one (finite) minimap-open set U such thatl V.

Proof: Let V be a nonempty finitep-open set. If V is a minimalp-open set, we may set U = V. If V is not a
minimal rp-open set, theil (finite) rp-open set Y such thatp# V, L1 V. If V, is a minimalrp-open set, we may set
U = V.. If V4 is not a minimalp-open set, thefl (finite) rp-open set Y such thatp# V, [ V,. Continuing this
process, we have a sequencembpen sets 1V, 0V, 0 Vs ..... OVeOd.... Since V is a finite set, this process
repeats only finitely. Then finally we get a mininnp-open set U = Yfor some positive integer n.

[ A topological space X is said to be locally fsnspace if each of its elements is containedfini® open set.]
Corollary 1: Let X be a locally finite space and #/ @ be anrp-open set. Thefl at least one (finite) minimalp-
open set U such that Ul V.

Proof: Let X be a locally finite space and V be a nongnmip-open set. Let x in V. Since X is locally finite gga
we have a finite open set,\guch that x in \. Then \nV, is a finiterp-open set. By Theorem 3[6at least one
(finite) minimalrp-open set U such that Ul VnV,. That is UL VnV, V. HenceOat least one (finite) minimal
rp-open set U such thatlJ V.

Corollary 2: Let V be a finite minimal open set. Therat least one (finite) minimap-open set U such thatU V.

Proof: Let V be a finite minimal open set. Then V is@nampty finiterp-open set. By Theorem 3.B6,at least one
(finite) minimalrp-open set U such thatlJ V.

Theorem 7: Let U; U, be minimalrp-open sets for any elemekil". If U LI O,5rU,, thenOan elemenh O such
that U = Y.

Proof: Let U L OygrU,. Then Un(OygrU,) = U. That isOyor(U n Uy) = U. Also by theorem[3.1] (i), bh U, =@
or U = U, for anyAdr. It follows thatOan elemenh 0 such that U = §J
Theorem 8: Let U; Uy, be minimalrp-open sets for any0r . If U = U, for anyAdl, then 0,orUy,) n U =@.

Proof: Assume [,-rU,) n U# @ That isO,or(Uy n U) # @. ThenOan elemenhl such that Un U, # @ By
theorem 3.1(ii), we have U =,Uwhich contradicts the fact that&JU, for anyAl. Hence UygrU))nU =@

We now introduce maximap-open sets in topological spaces as follows.

Definition 2: A proper nonemptyp-open UL X is said to banaximal rp-open set if any rp-open set containing U
is either X or U.

Remark 3: Maximal open set and maximigd-open set are not same.

Example 2: In Example 1, {a, c} is Maximal open but not Maxdahnp-open; {a, b} and {b, c} are Maximakp-open
but not Maximal open.

Remark 4: From the known results and by the above examplbave the following implications:
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Theorem 9: A proper nonempty subset F of X is maximadopen set iff X-F is a minimalp-closed set.

Proof: Let F be a maximalp-open set. Suppose X-F is not a minimabpen set. Thef@lrp-open set W X-F such
thato# U LI X-F. Thatis FLI X-U and X-U is arp-open set which is a contradiction for F is a mirinpaclosed
set.

Conversely let X-F be a minimap-open set. Suppose F is not a maximpbpen set. Thefll rp-open set B¢ F
such that FL1 E # X. That is@ # X-E U X-F and X-E is arp-open set which is a contradiction for X-F is a
minimal rp-closed set. Therefore F is a maximadopen set.

Theorem 10: (i) Let F be a maximalp-open set and W bera-open set. ThenFW = X or WLI F.

(ii) Let F and S be maximap-open sets. ThenB S =XorF=S.

Proof: (i) Let F be a maximatp-open set and W berg-open set. If Bl W = X, then there is nothing to prove.
Suppose F1 W # X. Then FL1 FO W. Therefore EW = F= W[ F.

(i) Let F and S be maximap-open sets. If BS# X, then we have El S and $1F by (i). Therefore F = S.
Theorem 11: Let F be a maximalp-open set. If x is an element of F, then for aprppen set S containing x,[F S
=XorSU F.

Proof: Let F be a maximalp-open set and x is an element of F. Supfidgeopen set S containing x such thaflF
S# X. Then FUI FO S and AJ S is arp-open set, as the finite union igf-open sets is gp-open set. Since F is a
rp-open set, we havelF S = F. Therefore $1 F.

Theorem 12: Let R, F, Fs be maximatp-open sets such thag & Fg. If FynFg LI F5, then either F= R or i =K
Proof: Given that k n Fg LI Fs. If Fy = R then there is nothing to prove.

If Fo # Fs then we have to provggE K. Now s n Fs=F n (Fsn X) = Fg n (Fs n (Fq O Fg)(by thm. 3.10 (ii)) =
F[_), n ((F5 n Fa) 0 (F5 n FB)) = (FB nkKn Fu) 0 (FB nkn F[_),)

=(Fen F)O(FnF) (byRnF U FR)=(RIFK) n F=Xn F(Since i and i are maximatp-open sets
by theorem([3.10](ii), F0 Fs = X) = Fs. Thatis E n Fs = F; = Fs U Fs Since | and | are maximatp-open sets,
we have k= F Therefore F= Fs

Theorem 13: Let R, Fz and K be different maximaip-open sets to each other. Theg (FFs) O (Fa n F).

Proof: Let (Fa N F[_),) ] (Fa N F5) = (Fa N F[_),) 0 (F5 n FB) ] (Fa N F5) 0 (F5 n F[_),) = (Fa 0 F5) n F[_), ] Fn
(Fa O Fg). Since by theorem 3.10(i)oF] Fs=Xand R O Fs=X=Xn Fg U Fisn X = F L Fs From the
definition of maximalrp-open set it follows thatg== Fs, which is a contradiction to the fact that F; and & are
different to each other. Therefore,(f Fz) O (Fa n F).

Theorem 14: Let F be a maximaltp-open set and x be an element of F. Then B £S: S is arp-open set
containing x such that B S# X}.

Proof: By theorem 3.12 and fact that F isrgopen set containing x, we have H1{ S: S is arp-open set
containing x such that B S# X} — F. Therefore we have the result.

Theorem 15: If F # @is proper cofinitep-open set. Thefl (cofinite) maximalp-open set E such that FE.

Proof: If F is maximalrp-open set, we may set E = F. If F is not a maxirpadpen set, thefl (cofinite) rp-open set
F, such that F1 F, # X. If F; is a maximalp-open set, we may set E £. f F; is not a maximatp-open set, theil
a (cofinite)rp-open set Fsuch that F1F, [] F, # X. Continuing this process, we have a sequencp-open, FL]
FOFRO ... ORO ... Since F is a cofinite set, this process repenly finitely. Then, finally we get a maximal
rp-open set E = FEfor some positive integer n.

Theorem 16: Let F be a maximaip-open set. If Xl X-F. Then X-FLI E for anyrp-open set E containing x.
Proof: Let F be a maximalp-open set and x in X-F. B F for anyrp-open set E containing X. Then[EF = X by
theorem 3.10(ii). Therefore X-El E.
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